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Auý.STRACT

A t. ur-mination of ,:irameter vdlues in the equations

",AI v ti it described which uses a variation of the
. 1 , crvu-fittinq technique and field data. Ana-

.,it r .. tti-r ire not required, and a digital computer

i f:• : t., ,,athematical solution to the equations of the
-I. t, ii uxjples in atmospheric diffusion and a missile bal-

i, >" .. I '3w t re;over diffusion mnarimeters and aerodynamic
V iv't; .<ir: {ielJ eata and the compu'ter numerical solution to
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INTRODUCTION

The solution to a mathematical theory may take a variety of forms in-
cluding solutions which can be described in closed form or numeric(;I
solu-ions which require a complex digital computer ý,.>qr•rn if closed
form solutions cdnnot be derived. Regardless of the type of soluftion
obtained, there are usua'ly a number of unknowns or crudely estimaled
physical parameter values. In any case, some method of finding the
set of parameter values is needed such that the model results will
"best" fit observation. One technique for findinq these "best" values
is least-squares curve fitting. Closed form solutions can be fitted
by one of several methods to give the best fit to the data by the lcast-
squares criterion. Unlike the closed form type of solution, complex
numerical solutions are not easily adapted to least-squares curve fit-
ting.

In theory it should be possible to invert the mcdel and use the data
to evaluate the unknown parameter values. One simple method might be
to run the computer program using different input parameters, observ-
ing the variation in the output so as to make a subjective estimate
of the best values. Repeated trials could narrow down the range of
values, but the expenditure of individual effort and costly computer
time would be undesirable for other than the simplest models.

This report describes a technique which determines the "best" para-
meter values, in a least-squares sense, for a computer simulation of
a complex physical process by using the program, field data, and a
variation of the differential corrections least-squares curve-fitting
method.

THEORY

Suppose that a model of an observed natural phenomenon exists and that
to be able to rely fully upon the results that the model can supply,
several parameters require numerical estimates. One way to determine
the best values for these empirical constants is to take data of the
physical process, invert the model solution, and solve for the unknown
parameters. Where complications arise in the execution of this method,
least-squares curve fitting can be used to recover the parameter values
which give the "best" estimates in a least-squares sense.

With data in the form (xi, yi), i = 1,2,3, ... N, one selects a model,
i.e., a function F(x; a,, a 2 , ... aM) of x and M undetermined para-
meters 1*' j = l,2,3, ... M such that F(xi; a , ' . . aM) will best
fit the data points yi, i = 1,2,3 ... N. The "best" set of values fcr
the a1 , j = 1,2, ... M, in a least-squares sense will be found when



.. " es.. ire- , the differences in the functional evaluation
. " -i'/'. \er all the data points (xi, yi),

T nt

T I 'ios¢ methods of least-squares curve titting will speci-
• o r ., U F whion is 'o be used as the model. The curve-fittina

,jifferential corrections [1-3] requires no special form
`, rthe -•dl ½nction F(xi; a,, a 2, ... a M). Restrictions on the pro-

:e~mes .f F r-e:

1) F Tnust be a single-valued function of x and of the M

parameters a..J

F F must be differentiable with respect to the M para-
-eters a..

•e:ause ji'ferential corrections technique does not specify the form
U the function F to be used, F may assume the form of a sequence cf
:~erations in a digital computer program. Most computer numerical
solutiors to eauations describing a physical process behave as func-
tions in that there exists an independent variable, say x, such that
the numerical solution given by the digital computer program can be
-emarded as a single-valued function of x, and the dependent variable(s)
will usually be differentiable in one or more model parameters. It
should then De .ossib!e to use a computer program as a function F in
such a way that the methocs of least-sauares curve fitting can be
asDlied tc F. This report describes a method of accomplishing this,
saving the excessive labor and costly computer ti'.e involved in a
trial-andc-error approach.

The 'ethod of differential corrections and its application to the
least-scuares curve fitling of a computerized mathematical model
solu isr hill be discussed blow.

3ider the set of data points (xi, yi) i = 1,2,3, ... N, let the differ-
encre between the 4unction value F(^i; a,, a 2 , ... aM) and the data

i i ,e -alle.' 'he residual vi where

v r` • ; I a I, aM - YiM

-,e ieuUst-squajres criterion will be obtained when the
"j .. •., ... :l, give a minimum for

2
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The values for the a's can be found by the solution of the fol lowing
set of simultaneous @quations:

N • v 2 O=

aI i~l

N

S2

M 2=

When F is represented by a digital computer program, the equations can-
not be solved directly, and an iterative scheme must be used.

SLet ý= aC + Aa where the superscript o refers to first approxima-

tions so that th• Aa 's are the corrections needed to force -V.- 4o

a minimum. Writing aquation (1) with F(x; a a + La,, aqý +am + Aa ) expanded in a Taylor series , we havre ,

SF. 'F.
v. F(x.; ao, a2, ... a ) + AaM I+ ,a

I 1 2 M 1 I2

;F . ýF i
+ Aa3- I" + AaM- - y. + (higher crier terr'< . (2

a, 0 aC
a 3  M

Assuming a sufficiently close estimate on the initial 3pvrr i. .
the higher order terms will be neglected. Defining P as the reV: .
Ri = Yi - Fi where F9 = F(x.; a0 , a02 . ) equation :n L,
written

ý,Fý F. 4F.
v. ,a + a i + Aa _.- + . .I + 4,

17 1 +o ý' 2 C:)
'a a

The syslem of equal orr.s ( ' wh ,ic :re io tC ýc c,- . i
equation



*F. ,qF. 3F. aF.

7-1a I + a - - + + oaM- - R.I - 0.
ýa0 ý>O I a0

I 2 M

LeTt i 9

•F. hF.
A. = z I

,k o0 0
i ka i c

arc
3F.

B. =Z R.-,
i I •ao

J

xe have the algebraic system of simultaneous equations (2) written in
matrix form

/A l1 A 12 A I3 ... A IM a I\

A 21 A22 A23 A 2M Aa2, iI B 2
S= (5)

A AmA A AaAM M2 AM3 MM, \aMJ iBM

Since Ai k = A k the matrix system above is symmetric allowing only
.he evaluation 6ý the upper triangle and making use of the square-root
-ethcd for solving symmetric systems of simultaneous equations [l,4,5].

ý-avirc obtained the corrections ta:, j = 1,2,3, ... M, they either satis-
fy the least-squares requirement w en added to a(, giving the a. = a°
+ -,a., or the newly formed a.'s give a new set oT first approximations

say/ h, urd a new set of cor ections Ab. is evaluated. Convergence
for te method may be said to have been reached when no significant

chance in the set of model parameters aj, j 1,2, ... M is exhibited;
tna- is, wher

< rc

-, esilts 'rom cycle to cycle.

4



To apply the method of differential corrections curve fitting to a
computerized numerical solution, one must use a numerical approximatif n
for each of the required partial derivatives

3F.I

9a0
•a°

J

as defined above. Use is made of a seven-point numerical formula

described below [6].

Given discrete points (ai,F.) F a tabulated function Fi = Hai)
for i = -J, -(J-l), ... -1,0,1,2, ... J for equispaced points a. with
ai+I- ai = h, the first derivative

dF-- = F'da

evaluated at ao is given as follows:

F' = - F - (62Fl- 2 + I (6F I F
o 2-Fh F1 -F

with 6Fi F i+1/2 Fi-, 2' This gives the formula

F' = [F - F_ - /6(F 2 - 2F + 2F- F-I - - 2F,,

+-•(I -F2 -3(F2 - FI)+3(F - Fo)- F +FI

30 3 2 , o-

- L(FI - F -3(R - F1 ) + 3(F - F2) - F + F_ .,*
I (FoF ( - I F-I3 F - -F -

Use of this algorithm gives the required partial derivatives fr The
differential corrections method described above. However, one may
improve on the evaluation of partial derivatives in the event that
one or more of the model parameters a. are used in a subfunction f rc
the numerical routine. When these individual functions f (i.e., one
of the governing equations in the mathematical fcrmulati,)' ý the
r,-oblem) can be defined, it is recommended that 'he ch in rjlI f r c.lI-
culating derivalives be used. Lettinj F be the main Trcg• so ui
and f an intermediate solution, a sub~rogram, or the like, tý,cr

•F. ,F.
I i •

,ia. Zf 'a.
J s

This rule can provide better convergencze ir tht:,• it, .;•,';,:: '•



EXAMPLES

Atmosbn-ri c L2iffusion

An at~is~reric diffusion model for the prediction of contaminant con-
centrilticrs in the atrmosphere will be treated with the curve-fitting

techni;&e previously described. The concentration C is a function of

downwinj tr~vel distance x and several atmospheric parameters, together

with e-cirical ly determined constants. The mathematical theory used

is based upon the application of the similarity theory [7,8] of the

surface boundary layer as related to diffusion in the atmosphere [9].

The concentration function C(x; a,, a 2 , a 3 , a 4 ) is given by

QK _________
C K -

2u 2 -

L 2 U (f(r) f(Co0

where

dx u,
7t k (f() f(o

= bu, 0(r),at

0 = fl )l/4

f( r) = ln(c,/C~o) + 6(•- )
0 )+ 0

where the sumbols are defined as follows:

= source strength

L atmospheric parameter

u,= atmospheric pararieter

k= K~rm-n's constant

", = irical constant

S : irical constant

, trvel dis-tance of substance



z = vertical height coordinate

t = time.

These representative equations for modeling atmospheric diffusion u;i Va
similarity theory have been solved numerical ly using a digilal crnpu-
ter. The curve-fitting technique previously described will be tested
by evaluating the empirical constants c and •, and also by inserting
into the 0 function two parameters to be fitted, a I and a•2 , given by

0(c) = (ai - 2.

Original specifications for the a's are aI = I and a2 = 1/4.

For this example, a test case was developed by specifyino c, P . 1 ,
and `2 to generate a sample data deck. Then, approximations to c,
B, a[, and a2 are given, and by using the data the original parameters
will be recovered.

First only c and 6 are evaluated as shown in Table I-A. Then c, e,
ai, and a2 are evaluated together as given in Table I-B. The results
of the test case show how model parameters for atmospheric diffusion
theories can be evaluated using field data and the curve-fitting tech-
nique described herein.

A Ballistic Missile

The curve-fitting technique was applied to the problem of determining
the drag coefficient of a ballistic missile using radar position data
of the missile during flight [I]. To use the data in a curve fit of
the type described, an accurate realistic model of the trajectory
during all phases of the missile's performance is required.

The ballistic model selected is a five-degree-of-freedom ballistic
missile trajectory and impact prediction digital computer program,
TRAJ [10], used for missile flight safety at White Sands Missile Range,

and also utilized in studies of meteorological effects on a ballistic
missile by the Atmospheric Sciences Laboratory. Only the three posi-
tion coordinates relative to the launcher will be used in the test
case. Hence, X, Y, Z are the dependent variables*, and Mach numLer, m,

Differential corrections method appl ieu ¾; a veclor-valued functior
is described in Appendix A.
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, ,te the only independent variable of the model.
"' ",r- -r rnv input parameters to TRAJ, only the aerodynamic

.h dr-ag curve will be considered as influences on the
•~~~~nu an put-I r :.tr,

"tec Ly usinq a known dra- cirve .s input and put-
, tput on data crds. The input Iracd curve was con-

", hnuracteristic -!,he and valaen. ,f an actual drag
.t' ý:n no, drac curves a.re provided in the form of a table.

i ecewise" fit f,ýýr a drag functfi.,n if no single
-n .e ýsed. i•ence the drag curve used iV

X + (m + 5 (m+l)I •,X + •.m + .R ) EXQ(- 10 )

i. ii.,llv value5 for '•1, c), and a3 are .25, .5, and .75, respec-

, 5•lru of the iteration process are given in Table II. The
;ir .rpr.-ximaticns were specified and the original values of the
:3r'-eter owere obtained, to a certain degree of accuracy.

SUMMARY

Tnic reocrt describes a method of curve fitting for a broad class of
n, n 7t representable by simple terms in a closed-form expression.

he ;ncfti~ns can assume the identity of complex sequences of opera-
I -n if ital cmrputer procram ond yet have suitable properties

on cr',-e fittin2. This 'echnique will afford considerably more flex-
il- the encineer or scientist who wishes to curve fit a function

S oiIJ wAith:ut overly simDlifying the function to be used. The
nr~eti .' r can now build a complex, sophisticated mathematical model

' oh'ii - Icr1ceos, solve the equations numerically on a digital
:2o nr nj a:;e field data and the method described here to find un-

k•,n' :or.•etos of the physical system.
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APPEND )IXf

Suppose data have been observed in which tfhere ,,r-'e re r -tht r.
pendent variable for a common inc eperidenl -rb h, t,, :1r I I
be of the form (xi, Y) where Y i is vec t or [ , ,
F(xi, al, a 2 , ... aM) be a VectCr-wl ued fI. r o . , ,

is to approximate the Yi in a I .e.a..T..-.. r q, uI;rr
find the best set of a.'s, J = , , .Jch h

J

i5 (F.-Y. ) •(F-Y.

is a -inimum, where the dot .) resreter--s the sc.. ! .f .
vectors. Let the vector of difterences .

I I I

letting a. - a' + Aa. and exrarnCig 'AK) in Tay'~' :.ri'<

I'
V. = F .; a, a2 . .. ...+ .~-4

,F.
za , + 'higher order terrs) -M~a

If = " - where Fo _ 10"o 0 a°'

I IK 4

F} .• }.

V ---- -- 4.. --

I , .



ihL vires :r- each J the equation
F,,•. r . DF -. 3F.I 

I I
+ a + + AaM - "aa-a R ".

1 2 Ma

Let f t;
N F 3F.

F i

iF.

I'a

:e r tn e sy.sý em of equations in matrix form is

A 1a A6

A,, 
M/

the solticn of which is identical to the solution given in the text.
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